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Position and Orientation Control for Hyper-elastic
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Abstract—Elastomer-based soft continuum robots with an
extensible backbone exhibit high flexibility. These manipulators
might show non-linear kinematic behaviours due to, for example,
the material hyper-elasticity and means of actuation. Formulating
a reliable kinematic model for an effective inverse kinematics
control strategy is challenging, but is paramount for allowing
effective manoeuvrability and controllability. In this paper, we
devise a kinematic modelling and control method for pneumatic-
driven soft continuum robots (up to 100% elongation ratio).
The method is based on the Cosserat rod model including a
pressure-dependent dynamic modulus. The kinematic model and
control strategy are then expressed as non-linear least-squares
optimisation problems. Hence, various inverse kinematics control
modes can be achieved for a multi-segment robot, e.g., tip position
and orientation control of the overall robot or tip position
control of each segment. Simulations and experiments are both
conducted to validate the proposed method. The results highlight
the high fidelity of the modelling technique and the effectiveness
of the proposed inverse kinematics controller. In particular, the
modelling and trajectory control errors for a two-segment robot
are smaller than 4.5 mm, i.e., 5% of the robot’s overall length.

Index Terms—Fluidic-driven soft robots, kinematics modelling,
inverse kinematics control, position and orientation control.

I. INTRODUCTION

CONTINUUM robots are fundamentally different from
conventional robots composed of finite rigid links and

joints. Instead, they have curvilinear structures with infinite
elastic joints [1]. Continuum robots offer continuous defor-
mation and are highly flexible, which is advantageous in
applications involving confined spaces. Prominent examples
are concentric tubes and steerable catheters for minimally
invasive surgery [2]. Moreover, leveraging soft materials to
construct elastomer-based continuum robots can further en-
hance robots’ inherent compliance and flexibility, achieve
safer robot-environment interactions [3] and variable stiffness
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Fig. 1. Illustration of a two-segment robot: (a) Tip equilibrium at the tip of
Segment 2. (b) Intermediate equilibrium at the tip of Segment 1. (c) Segment
1 (bottom module) and Segment 2 (top module). (d) Cross-sectional view.
Three chamber pairs are distributed evenly with an angle of 120◦.

behaviour [4]. Soft materials used for fabrication, e.g., silicone
materials, have elastic moduli in the order of 102 ∼ 106 Pa [5],
with substantial stretch capabilities. Motion is commonly
generated through fluidic actuation [6], [7]. However, tendon-
driven [8] and hybrid-actuated methods [9], [10] also exist. To
utilise the intrinsic flexibility of these soft continuum robots
and enhance their controllability, addressing challenges in
modelling and controlling their configuration and behaviour is
of paramount importance [1]. Various kinematics, kinetics and
dynamics models have been established. Kinematics studies
the relationship between continuum robots’ actuation space
and task space without considering any forces causing the
motion. Forward kinematics refers to the use of kinematic
equations to obtain position and orientation of robots from
parameters in the actuation space. Inverse kinematics, on the
other hand, determines actuation parameters to achieve desired
target poses [11]. Kinetics studies forces and torques that
generate motion [12]. Dynamics combines kinematics and
kinetics and studies equations of motion and time-varying
forces and torques that produce any motion [8].

Continuum robots are infinite dimensional systems. Dis-
cretisation of continuum robotic structures can be consid-
ered to reduce the dimensional complexity, for instance, by
utilising the Finite-Element Method (FEM) [12], [13]. In
FEM, soft robots are often represented using nodes connected
by elements. Commercially available software packages such
as Abaqus and ANSYS [14] ease the application of FEM.
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In particular, the SOFA has been developed, which delivers
full-order or reduced-order simulation for soft robots using
FEM [15]. Some analytical kinematic models for soft contin-
uum robots are based on spatial curve or beam/rod models.
A prominent modelling technique is the piecewise constant
curvature (PCC) model. The robot shape is described by three
parameters, i.e., the curve length, curvature and out-of-plane
angle [11]. It is worth noting that it might be feasible here
to express the configuration of articulated and continuum soft
robots with classic rigid-bodied robot approaches, e.g., using
Denavit–Hartenberg parameters [4], [16], [17] or augmented
rigid-body models [18]–[20]. However, the constant curvature
assumption might reach limitations when robots interact with
the environment or external loads are applied to the robots.
To this end, variable curvature models have been explored.
For instance, a robot shape can be re-constructed by curve
parameterisation [21]. The Cosserat rod theory can be applied
to formulate the kinematics of soft robots with variable curva-
tures by a set of ordinary differential equations (ODEs) [22].
Strain-based Cosserat approaches have been developed to
model soft robots with variable curvatures, e.g., the piecewise
constant or variable strain methods [8], [23].

Utilising the aforementioned modelling methods, inverse
kinematics or dynamics control has been studied. An FEM-
based method was proposed in [24] to achieve inverse kine-
matics control of continuum robots by solving optimisation
problems using SOFA. The analytical Jacobian matrix of
the PCC model can be derived directly [25]. The obtained
Jacobian matrix provides an explicit projection between the
actuation space and the task space [26]. A kinematic curva-
ture control method was proposed in [27] to drive a multi-
segment robot to follow desired trajectories based on the PCC
assumption. Continuation work for dynamic motion control
was presented in [19]. In [28], inverse dynamics control
was investigated to regulate the in-plane Cartesian impedance
and achieve trajectory following for soft robots. Furthermore,
a kinematic position control method was proposed in [29],
where two robot segments are designed to have an opposite-
bending-and-stretching structure, however, at the cost of sac-
rificing the dexterity of the robot. Furthermore, based on
the Cosserat rod theory, geometric Jacobian matrices can
be derived analytically or numerically [30], which are then
used to achieve inverse kinematics control for soft robots
with variable curvatures. A Jacobian-based inverse kinematics
control method was proposed in [31] to achieve dexterous
navigation for continuum robots, considering both position
and orientation. These approaches can also achieve stiffness
control for soft continuum robots [4] or stiffness/motion con-
trol for articulated soft robots [16], [32], [33]. In addition,
the robot Jacobian [34], [35] or direct mapping between the
actuation and joint spaces [36] can be obtained via learning
methods. Another kinematic modelling and inverse control
method for a two-segment planar soft robot was proposed
in [37], considering variable curvatures and tip loads. The
kinematic model was established on the absolute nodal coor-
dinate formulation. It is noteworthy that model-based control
approaches can also induce potential drawbacks. In particular,
inverse dynamics methods require higher-order derivatives

of dynamics terms. Moreover, closed-loop control can be
implemented to improve the accuracy of the inverse kinematics
or dynamics control for soft continuum robots by introducing
feedback information [13], [18]. The model-free control was
used for continuum robots based on the adaptive Kalman filter
that generated a robust control [38]. Here, the sensing devices
will increase the cost of the robots, and it might be difficult
to install additional sensors on soft robots.

Overall, modelling and control methods for soft continuum
robots have been extensively developed. For elastomer-based
soft robots, however, with elongation capabilities of larger
than 50% w.r.t the original length of the robot, kinematic
non-linearities (i.e., the elongation or bending motion of the
robots are non-linear as a function of the actuation vari-
ables) are non-negligible. To describe these non-linearities
and achieve model-based inverse kinematics control without
requiring feedback loops remains challenging. Therefore, we
propose a position and orientation control for hyper-elastic
multi-segment continuum robots. Our contributions are:

• a static kinematic modelling and control method for
pneumatic-driven, elastomer-based soft continuum robots
with an extensible backbone. In particular, the forward
kinematics modelling and inverse kinematics control are
unified into non-linear least-squares problem by solving
the ODEs from the static Cosserat rod model (see Sec-
tion II-B∼II-D).

• a pressure-dependent dynamic modulus to construct the
stiffness density matrix of the soft robots to capture the
kinematic non-linear behaviour, exclusively using a linear
constitutive model (see Section II-E).

• multiple inverse kinematics control modes that do not
require feedback information of robots’ position and ori-
entation. For instance, our controller can realise position
and orientation control of the overall tip of a two-segment
robot as well as decoupled position control of the tip
of each segment, and our approach is validated through
experiments using one- and two-segment soft continuum
robots (see Section IV).

Section II presents the methodology of the forward kine-
matics model and inverse kinematics control, based on a
pressure-dependent dynamic modulus. The unified non-linear
least-squares problems are explained and formulated in detail.
Section III describes the robot fabrication process, parameter
identification and demonstrates the efficacy of the forward
kinematics model using one- and two-segment robots. Sec-
tion IV reports on the experimental results for the inverse
kinematics control. The discussions and reflections are pre-
sented in Section V, and the conclusion is in Section VI.

II. KINEMATIC MODELLING AND CONTROL METHOD

A. Overview of the Robot Geometry

The soft robot used in this paper is pneumatic-driven made
of highly deformable elastomer [Ecoflex 00-50 Supersoft,
SmoothOn]. The design and fabrication for this robot, com-
monly referred to as the STIFF-FLOP manipulator [10], are
detailed in Section III-A. Applications in minimally invasive
surgery include colorectal surgery [10] or cancer imaging [13].
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The robot has three reinforced circular chamber pairs and a
free central lumen (see Fig. 1). By actuating different chamber
pairs, the robot can achieve omni-directional bending (> 180◦)
and elongation (up to 100%).

B. Kinematic Model
Fig. 1 shows an illustration of the soft robotic manipulator

with two segments. The cross-sectional view shows that each
segment has three fibre-reinforced actuation chamber pairs and
a free central lumen. The subscript j ∈ {1, 2} is used to
denote the index of the robot segments. For instance, [·]1 is
the description [·] of the first segment. The air pressure inside
each chamber can be described by [P i]j . i ∈ {1, 2, 3, 4, 5, 6}
denotes the number of chambers in a one-segment robot. In
particular, [P 1]j = [P 2]j , [P 3]j = [P 4]j and [P 5]j = [P 6]j ,
as two adjacent chambers are internally connected. The robot
length of each segment is denoted by L1 and L2.

1) Model of each Soft Robotic Segment: Based on the
Cosserat rod model [22], the spatial configuration of a soft
segment can be described using a displacement vector p(s)
and a rotation matrix R(s). Their differentiation with respect
to the curve length s, denoted by (·),s, is described by (1).

[p,s(s)]j = [R(s)v(s)]j , [R,s(s)]j = [R(s)û(s)]j , (1)

where s ∈ [0, L1] or ∈ [0, L2]. v(s) and u(s) are the local
strain vectors and curvatures. (̂·) is the mapping from R3

to so(3) [22], and its inverse operation is (â)∨ = a. The
derivatives of force n(s) and moment m(s) are in (2).

[n,s(s)]j = [−fe(s) + fP (s)]j ,

[m,s(s)]j = [−p̂,s(s)n(s)− le(s) + lP (s)]j .
(2)

fe(s) and le(s) are the distributed external force and moment.
fP (s) and lP (s) are the distributed force and moment resulting
from pressurisation and are described in (3).

[fP (s)]j = [

6∑
i=1

P iAcR,s(s)e
T
3 ]j , [mP (s)]j =

[

6∑
i=1

P iAcR(s)((v(s) + û(s)di)× eT3 + d̂iû(s)eT3 )]j .

(3)

Ac is the area of the cross-section of each chamber, d̂i is the
position vector of the ith chamber in the body frame, e3 =
[0, 0, 1]. A linear constitutive material model is adopted to
relate n(s),m(s) to v(s), u(s) and described in (4).

[n(s)]j = [R(s)Kse(v(s)−eT3 )]j , [m(s)]j = [R(s)Kbtu(s)]j .
(4)

Kse = diag[GA,GA,EA], which is the stiffness density
matrix for shear and elongation. The shear modulus is G.
Kbt = diag[EIx, EIy, GJz], which is the stiffness density
matrix for bending and twisting. Ix, Iy and Jz are the second
moment of area around the x, y and z-axes and calculated
in (5).

Ix = π(R4
ro −R4

ri)/4−
6∑

i=1

(πR4
c/4 + |di|2xπR2

c) = Iy,

Jz = π(R4
ro −R4

ri)/2−
6∑

i=1

(πR4
c/4 + |di|2πR2

c).

(5)

|di| is the length of the vector di, and |di|x is the projected
length of di onto the x-axis. Ix = Iy results from three
chamber pairs distributed evenly (see Fig. 1). The cross-
sectional area of the robotic segment is calculated by A =
π(R2

ro − R2
ri − 6R2

c). Rrc, Rri and Rc are the radii of the
robot, the central channel and the chamber, respectively. As
both segments have the same cross-sectional geometries, the
subscript j is dropped, e.g., for Ix, Iy , Jz and A.

2) Model of the Rigid Connection Section: The connection
section/link between two robotic segments has a length of Lk

and is assumed to be rigid. Similar to (1), the kinematic ODEs
are simplified in (6).

[p,s(s)]k = [R(s)eT3 ]k, [R,s(s)]k = [R(s)[0, 0, 0]T ]k, (6)

where s ∈ [0, Lk]. The force and moment balance are detailed
in (7).

[n,s(s)]k = [−fe(s)]k, [m,s(s)]k = [−p̂,s(s)n(s)− le(s)]k,
(7)

where [fe(s)]k = ρkAk(s)g and [le(s)]k = [0, 0, 0]T , with the
density of the rigid connection of ρk, the cross-sectional area
of Ak(s), and the 3× 1 gravity vector of g.

C. Definition of Boundary Conditions

Boundary conditions includes the force and moment equi-
librium at the intermediate connection section between two
segments and the manipulator’s tip (see Fig. 1). The kinematic
continuity across the connection section must be satisfied.

1) Tip Boundary Conditions: If a manipulator is made of
two segments that are of length L1 and L2, the two-segment
robot has a total length of L1 + Lk + L2. The boundary
conditions at the manipulator’s tip are reported in (8).

n(t−) = FP (t
−)+Fe(t

+), m(t−) = mP (t
−)+me(t

+). (8)

The superscripts − and + denote the left and right limits.
Fe(t

+) and me(t
+) are the external applied tip force and

moment. FP (t
−) and mP (t

−) are the total pressurisation force
and moment at the manipulator’s tip as presented in (9).

FP (t
−) = R(t)

6∑
i=1

Ac[P
i]je

T
3 ,

mP (t
−) = R(t)

6∑
i=1

di ×Ac[P
i]je3.

(9)

t = L1 or t = L2, j = 1 or j = 2 for a one-segment robot.
t = L1 + Lk + L2 and j = 2 for a two-segment robot.

2) Intermediate Boundary Conditions: Considering a rigid
connection between two robot segments with an applied force
Fe(L

+
1 ) and a moment me(L

+
1 ) at the end of L1, the inter-

mediate boundary conditions in (10) must be satisfied.

n(L−
1 ) = FP (L

−
1 ) + n(L+

1 ) + Fe(L
−
1 ),

m(L−
1 ) = mP (L

−
1 ) +m(L+

1 ) +me(L
−
1 ),

n((L1 + Lk)
−) = n((L1 + Lk)

+)− FP ((L1 + Lk)
+),

m((L1 + Lk)
−) = m((L1 + Lk)

+)−mP ((L1 + Lk)
+).

(10)
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FP (L
−
1 ), mP (L

−
1 ), FP ((L1 + Lk)

+) and mP ((L1 + Lk)
+)

are derived by substituting L−
1 and (L1 + Lk)

+ into (9). The
kinematic continuity is depicted by (11).

p(L−
1 ) = p(L+

1 ), R(L−
1 ) = R(L+

1 ),

p((L1 + Lk)
−) = p((L1 + Lk)

+),

R((L1 + Lk)
−) = R((L1 + Lk)

+).

(11)

D. Problem Formulation and Inverse Kinematics Control

For a one-segment robot, the robot configuration
(p(s), R(s)) can be derived by integrating (1) and (2),
with integration length of L1 or L2. For a two-segment robot,
the robot configuration can be derived by integrating (1), (2)
and (6)-(7), with integration length of L1 + Lk + L2. The
initial conditions are the unknown force and moment at the
manipulator’s base ([n0,m0]). Hence, the shooting method can
be applied, guessing the initial conditions and minimising the
errors of the boundary conditions. By constructing different
objective functions, the forward and inverse kinematics can
be formulated as non-linear least-squares problems.

1) Forward Kinematics: For the forward kinematics prob-
lem, the guessing value g(0) is defined in (12).

g(0) = [n0,m0]. (12)

Rewriting (8), the objective function of the optimisation is
described in (13).

min
g(0)

∥|en||2 + ||em||2

s.t. en = n(t−)− FP (t
−)− Fe(t

+),

em = m(t−)−mP (t
−)−me(t

+),

Equations (10) and (11) (for the two-segment robot),

[P i]j ≥ 0 (i = 1...6, j = 1 and 2).
(13)

t = L1 or t = L2 for a one-segment robot, and t = L1+Lk+
L2 for a two-segment robot.

2) Inverse Kinematics: The control variables for our soft
robot are the pressure values inside the chambers. For a one-
segment manipulator, there are three pressure values inside
the three chamber pairs, i.e., three degrees of freedom (DoFs)
in the actuation space. A two-segment manipulator has six
DoFs. For the inverse kinematics control, the initial guess g(0)
includes the desired actuation pressure as defined in (14).

g(0) = [n0,m0, [P
i]j ]. (14)

The inverse kinematics control can be summarised as follows:
Tip position control of one segment: Denoting the desired

tip position by ytd, the optimisation problem becomes (15).

min
g(0)

||en||2 + ||em||2 + ||et||2

s.t. en = n(t−)− FP (t
−)− Fe(t

+),

em = m(t−)−mP (t
−)−me(t

+),

et = ytd − p(t), t = L1 or L2,

[P i]j ≥ 0 (i = 1...6, j = 1 or 2).

(15)

Decoupled position control of each tip of a two-segment
robot: The tip positions of Segment 1 and 2 can be controlled

independently. Denoting the desired position of the first seg-
ment ykd , the optimisation problem can be described as in (16).

min
g(0)

||en||2 + ||em||2 + ||ek||2 + ||et||2

s.t. en = n(t−)− FP (t
−)− Fe(t

+),

em = m(t−)−mP (t
−)−me(t

+),

ek = ykd − p(L1),

et = ytd − p(t), t = L1 + Lk + L2,

[P i]j ≥ 0 (i = 1...6, j = 1 and 2),

Equations (10) and (11).

(16)

Tip position/orientation control of a two-segment robot:
The position and orientation of the overall tip of the robot
are controlled. Denoting the desired tip orientation by Rt

d,
the optimisation problem is formulated in (17).

min
g(0)

||en||2 + ||em||2 + ||et||2 + ||eR||2

s.t. en = n(t−)− FP (t
−)− Fe(t

+),

em = m(t−)−mP (t
−)−me(t

+),

et = ytd − p(t),

eR = (R(t)TRt
d − (Rt

d)
TR(t))∨, t = L1 + Lk + L2,

[P i]j ≥ 0 (i = 1...6, j = 1 and 2),

Equations (10) and (11).
(17)

Details of constructing eR are reported in the Supplementary
Material. The Fourth-order Runge-Kutta method is used for
the numerical integration. The trust-region-reflective method is
adopted to achieve the iterative numerical optimisation to solve
the aforementioned non-linear least-squares problems [39],
with the sum of squared residual errors less than 10−6.

E. System Non-linearity Analysis and Modelling
A linear constitutive material model (see Equation (4)) is

applicable when the stress-strain relation can be approximated
as linear. However, the longitudinal elongation and bending
motion of our robotic segments are non-linear with respect
to the actuation pressure. The non-linearity primarily results
from, e.g., the hyper-elasticity of the silicone material and
shrinking deformation of the cross-sectional geometry.

To accommodate for the kinematic non-linearity, we in-
troduce the equivalent dynamic modulus E = h(P, λ(P )),
i.e. the material modulus is not constant but related to the
actuation pressure P and longitudinal stretch λ. h(P, λ(P ))
is a non-linear function. h(P, λ(P )) can be obtained from
the experimental relation between the elongation of the robot
segment and the applied pressure. Using a linear constitutive
model, the pure elongation of the robot is defined in (18).

[λ(P )]j − 1 =
[∆l]j
Lj

=
[F (P )]j
[E]jA

=

6∑
i=1

[P i]jAc

[E(P )]jA
=

[σ(P )]j
[E]j

(18)
[F (P )]j is the longitudinal force generated by pneumatic
pressurisation and [σ(P )]j is the stress. Rearranging (18)
yields (19).

[E]j =
[σ(P )]j

[λ(P )]j − 1
= h(P ). (19)
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In this way, a non-linear dynamic modulus function h(P )
has been obtained from the experimental elongation-pressure
curve. h(P ) considers the non-linear strain-stress relation us-
ing a linear constitutive model (substituting (19) into (4)). The
identification procedure of h(P ) is presented in Section III-D.

III. SOFT ROBOT FABRICATION, PARAMETER
IDENTIFICATION AND KINEMATICS CHARACTERISATION

A. Segment Fabrication

The fabrication process is summarised in Fig. 2. The green-
coloured moulds are 3D-printed using Tough-2000 resin on a
Formlabs printer. In Step 1, six chamber moulds are printed,
consisting of three parts. The reinforcement threads are tightly
wound around the assembled chamber moulds with no gaps.
Step 2 involves positioning the actuation chamber moulds with
the outer wall mould. Silicone material is poured into the
assembly. In Step 4, the six chamber moulds are removed, and
silicone material is injected into the actuation chambers using
a syringe. Step 5 focuses on sealing both sides of the segment
using silicone adhesive (Sil-Poxy, Smooth-on). The actuation
pipes (AlteSil, Altec) have inner and outer diameters of 0.5
mm and 1 mm, respectively. In this step, adjacent chambers
are connected using the 1 mm pipe. Throughout the process,
the silicone is cured in an oven at 60 °C for 30 minutes. A
two-segment robot consists of two segments (Segment 1 and
2) aligned in series with a rigid connection segment.

B. Integration and Experimental Hardware

The chamber pressure is regulated and monitored by six pro-
portional pressure regulators (Camozzi K8P). A compressor
(HYUNDAI HY5508) supplies pressurised air to the pressure
regulators. An Arduino Due board controls the pressure regu-
lators via PWM signals and receives the pressure monitored by
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Fig. 2. Segment fabrication procedure: Step 1: 3D printing, assembling and
wrapping three-piece chamber moulds using fabric thread; Step 2: Assembling
all parts of the mould; Step 3: Pouring Ecoflex 00-50 into the mould;
Step 4: Removing the three-piece chamber moulds. Injecting Ecoflex 00-
50 into the chambers. Insertion of metal pins with a smaller diameter
into actuation chambers; Step 5: Integrating actuation pipes, connecting two
adjacent chambers, sealing both sides of the segment using Dragon Skin 30.

TABLE I
IDENTIFIED SEGMENT PARAMETERS

Symbols Description Dimensions

L1 Chamber length of the first segment 42.0 [mm]
L2 Chamber length of the second segment 42.0 [mm]
Lk Length of the robot connection part 5.0 [mm]
Rro Radius of the segment 7.5 [mm]
Rri Radius of the central channel 2.7 [mm]
Rcp Radius of the positioned chamber 5.1 [mm]
Rc Radius of the chamber 1.25 [mm]
α1 Angle between two adjacent chambers 56.0 [◦]
α2 Angle between chamber pairs 120.0 [◦]

β1 β2 β3 β4 β5

Segment 1 1641 -13630 43460 -65410 76130
Segment 2 8727 -44680 96630 -107400 90000

regulators. An electromagnetic tracking system (NDI Aurora)
monitors the tip position/orientation of Segment 1 and 2 via
magnetic trackers. MATLAB (R2019a) is used for inverse
kinematics control and data acquisition. The desired pressure is
converted to a PWM signal and sent to the Arduino Due board.
Details on the experimental hardware and control scheme
(e.g., low-level pressure control) are reported in [40] and the
Supplementary Material, respectively.

C. Parameter Identification/Numerical Simulation Analysis

Table I summarises the geometric parameters of one seg-
ment. To identify the parameters of the pressure-dependent
dynamic modulus, the elongation-pressure relationship of two
segments was measured through 5 trials (see Fig. 3(a)). The
elongation was measured by the NDI tracker. Following (18)
and (19), a fourth-order polynomial in (20) is fitted.

E = β1P
4 + β2P

3 + β3P
2 + β4P+ β5. (20)

P denotes the averaged pressure of the six chamber in bar.
The identified coefficients β1, β2, β3, β4 and β5 are reported
in Table I. The root mean square errors (RMSE) are 63.73 Pa
and 35.80 Pa for Segment 1 and 2, as reported in Fig. 3(b).
In this case, the RMSE values of the simulated elongation for
Segment 1 and 2 are 0.24 mm and 0.22 mm, respectively.

The presented model with the identified parameters is sim-
ulated in MATLAB to determine a suitable element number.
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Fig. 3. (a) The experimental and analytical elongation results for Segment
1 and 2. The shaded red and blue areas indicate a small variability of the
experimental results for the elongation. (b) The identified dynamic modulus of
Segment 1 and 2 using a fourth-order polynomial with respect to the averaged
actuation pressure P (see Equation (20)).
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Fig. 4. (a) Convergence error of the tip position in the Cartesian space for a
one-segment robot with increasing element number. (b) Computational time
of the inverse kinematics control for a one- and two-segment robot as the
number of elements increases.

A larger number of elements improves the model’s accuracy;
however, increasing the number of elements yields a higher
computational burden. Fig. 4(a) illustrates the convergence
error of the tip position for a one-segment robot as the element
number increases. The position error converges to below 0.10
mm for more than five elements. Fig. 4(b) also demonstrates
that the computational complexity scales approximately lin-
early with the number of elements for both one-segment and
two-segment robots. The model was implemented on a PC
(Intel i5, RAM 32 GB). In this paper, we chose to set the
element number to 6. As such, the average inverse kinematics
control frequency for a one-segment and two-segment robot
can reach 33 Hz and 13 Hz, respectively.

D. Kinematics Characterisation and Validation

Based on the identified parameters in Section III-C,
Figs. 5(a) and (b) report on the shape comparison between the
computational model and experimental results for Segment 1
and 2 for three pressure levels (i.e., 0.6 bar, 1.05 bar and
1.5 bar), when both one and two chamber pairs are actuated.
Figs. 5(c) and (d) detail the bending angle results when
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Fig. 6. Kinematics characterisation and validation results for the two-segment
robot: The comparisons between the computational model and experiments
when (a) [P 1]1 = [P 1]2, (b) [P 1]1 = [P 3]2, (c) [P 1]1 = [P 3]2 = [P 5]2,
and (d) [P 1]1 = [P 1]2 = [P 3]2. The corresponding tip errors for Segment
1 and 2 are reported in (e)-(h). The actuated chambers are coloured in green.

pressure varies from 0 bar to 1.5 bar. The experimental results
show that maximum bending angles of 266.9◦ and 254.4◦

are achieved for Segment 1 and 2, respectively. When one
chamber pair is actuated, the RMSE values are 3.5◦ and 2.7◦

for Segment 1 and 2. Moreover, the RMSE values are 5.3◦ and
7.1◦ for Segment 1 and 2 under two chamber pairs actuation.

Fig. 6 reports on four simulated and experimental kinematic
responses when Segment 1 and 2 form a two-segment robotic
manipulator. Figs. 6(a) and (c) compare the robot’s shape
when Segment 1 and 2 bend within a plane with the same as
well as opposite bending curvatures. Figs. 6(b) and (d) show
the results when Segment 1 and 2 bend in different planes.
The shape alignment reveals a high fidelity of our analytical
model. Figs. 6(e)-(h) detail the model errors of the tip position
of each segment. In particular, the overall tip RMSE values
of Segment 2 are 3.76 mm (Fig. 6(e)), 3.28 mm (Fig. 6(f)),
3.45 mm (Fig. 6(g)) and 4.42 mm (Fig. 6(h)). Moreover, the
corresponding RMSE values for Segment 1 are 2.46 mm,
2.38 mm, 2.82 mm and 3.56 mm.

IV. VALIDATION OF INVERSE KINEMATICS CONTROL FOR
ONE- AND TWO-SEGMENT ROBOTS

Validation of the proposed inverse kinematics-based con-
troller in the free-space for one-segment (Experiment 1) and
two-segment robots (Experiments 2 and 3) is first conducted.
In Experiment 1, a magnetic tracker is mounted at the robot’s
tip. In Experiment 2-3, one magnetic tracker is fixed to
the overall tip of the two-segment robot (i.e., to the tip of
Segment 2) in addition to a second tracker that is mounted
at the midpoint of the robot (i.e., at the tip of Segment 1).
In Experiment 4, tip loads are applied to the one-segment
and two-segment robots to explore the efficacy of the inverse
kinematics control under known external disturbances.
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Fig. 7. Results for Experiment 1 (one-segment robot): Trajectory illustration
and tracking results for six shapes. (Data are from Segment 1). t1, t2 and t3
are used to describe the trajectory size. (a) Trajectory measurement setup.
Desired and experimental trajectories with (b) a constant height (square,
elliptical, spiral) and (c) a variable height (cube, elliptical, spiral).

A. Experimental Protocols

1) Experiment 1 - Position control of a single segment:
Segment 1 and 2 are tested over ten trials following two sets
of trajectories consisting of a constant and variable height.

Constant height: Trajectories of three shapes (see Fig. 7(b))
are investigated, i.e., a square (t1 = 30, 40 mm), elliptical
(t2 = 15, 20 mm) and spiral trajectory (t3 = 18, 24 mm). The
trajectory heights are constant.

Variable height: Trajectories of three shapes (see Fig. 7(c))
are investigated. Again, each shape varies in size, i.e., a box
(t1 = 15, 20 mm), elliptical (t2 = 15, 20 mm) and spiral
trajectory (t3 = 15, 21 mm). All the trajectories have a variable
height of 10 mm.

2) Experiment 2 - Decoupled tip position control of each
segment for a two-segment robot: The tip positions of Seg-
ment 1 and 2 are controlled independently. Four trajectory
combinations are investigated over ten trials:

• S20C30: The overall tip of the manipulator (i.e., the tip of
Segment 2) follows a circle (30 mm radius). The midpoint
of the manipulator (i.e., the tip of Segment 1) follows a
square (20 mm side length).

• M0T27: The overall tip of the manipulator follows a
spiral trajectory (t3 = 27 mm). The midpoint of the
manipulator is stationary.

• L15T27: The overall tip of the manipulator follows a
spiral trajectory (t3 = 27 mm). The midpoint of the
manipulator follows a line (15 mm length).

• M12T27: The overall tip of the manipulator follows a
spiral trajectory (t3 = 27 mm). The midpoint of the
manipulator follows a spiral trajectory (t3 = 12 mm).

3) Experiment 3 - Tip position and orientation control of the
two-segment robot: Two sets of experiments are investigated.
Each trajectory is repeated over ten trials:

• The robot’s tip is controlled to follow a box trajectory
(t1 = 30 mm), elliptical trajectory (t2 = 30 mm) and a
spiral trajectory (t3 = 30 mm). The trajectory height has
a variation of 20 mm. Meanwhile, the tip orientation of
the robot is aligned parallel to the z axis.
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Fig. 8. Results for Experiment 1 (one-segment robot): The trajectory tracking
results of the Segment 1 and 2 when the trajectory height is (a) constant and
(b) variable, using a boxplot. The blue scattered points are error values.
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Fig. 9. Results for Experiment 2 (two-segment robot): (a) The midpoint and
tip position are measured by two Aurora trackers. (b) The tracking trajectories
and the results of the decoupled midpoint and tip position control. Please refer
to the supplementary video for more details. (c) The summarised midpoint
and tip position control errors.

• The robot’s tip is controlled to follow a spiral trajectory
(t3 = 30 mm), with a variable orientation but constant
bending angles of 0◦, 30◦, 45◦ and 60◦.

4) Experiment 4 - Inverse kinematics control with known
tip loads: For the one-segment robot, 0 g, 5 g and 10 g loads
are applied at the robot’s tip while tracking a constant-height
spiral trajectory (t3 = 24 mm) and a variable-height spiral
trajectory (t3 = 21 mm, a height variation of 10 mm). For
the two-segment robot, 0 g, 5 g and 10 g loads are applied at
the robot’s overall tip while tracking a constant-height spiral
trajectory (t3 = 30 mm, a bending angle of 0◦).

B. Experimental Results

Results for Experiment 1: Fig. 7(a) depicts the tip trajectory
measurements using an NDI field generator and a tracking
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sensor at segment tip. Fig. 7(b) illustrates the square, elliptical
and spiral trajectories in purple colour (constant height),
compared to the actual trajectories in red colour (for Segment
1). Fig. 7(c) shows results for desired box, elliptical and
spiral trajectories with a variable height. Fig. 8 summarises the
absolute tracking errors for Segment 1 and 2 when trajectories
have a constant height (see Fig. 8(a)) and a variable height
(see Fig. 8(b)). It is observed that the tracking accuracy for
Segment 1 and 2 is similar across the different trajectories, e.g.,
the discrepancy of the median error values of the two segments
is less than 0.5 mm in all cases. The maximum tracking errors
of the two segments are less than 5.0 mm. The overall median
error values are between 1.40 mm and 2.89 mm, i.e., between
3.11% and 6.44% of the original robot length.

Results for Experiment 2: Fig. 9 reports the tracking results
when the midpoint (i.e., tip of Segment 1) and tip of a two-
segment manipulator (i.e., tip of Segment 2) are controlled to
follow different trajectories. Fig. 9(a) illustrates that tracking
sensors are embedded in the connection section and at the tip
of the robot. Four desired and actual trajectory combinations
are compared in Fig. 9(b). Fig. 9(c) details the tracking errors
in boxplots. The median errors of the tracking sensor in the
midpoint of the robotic manipulator show similar values below
1.50 mm for all four trajectory combinations. In contrast, the
accuracy of the tip position varies for different trajectories. For
instance, the median tip tracking errors are 2.36 mm, 3.22 mm,
3.71 mm and 1.60 mm for the S30C30, M0T27, L15T27 and
M12T27 trajectories. Larger errors (e.g., up to 6.50 mm and
9.50 mm) are observed when the robot midpoint tracks a line
while the robot tip tracks a spiral trajectory (see L15T27). For
S30C30 and M12T27 trajectories, the maximum tip tracking
errors are below 5.0 mm.

Results for Experiment 3: Fig. 10(a) illustrates the ex-
periment when the robot tip follows a desired trajectory.
The tip orientation remains along the z-axis, which could be
useful for delicate grasping tasks or medical examination [29],
[31]. Fig. 10(b) shows the desired box, elliptical and spiral
trajectories of the robot’s tip. Figs. 10(c)-(e) report tracking
errors of the tip position and tip bending angle. It is observed
that overall position errors are less than 6.0 mm with RMSE
values of 2.83 mm, 2.88 mm and 3.03 mm for the box,
elliptical and spiral trajectories, respectively. Given that the
desired bending angle is 0◦, RMSE values are 3.4◦, 3.2◦

and 2.4◦. Fig. 11 reports the results of tip bending angle
control while tracking a spiral trajectory. Fig. 11(a) illustrates
experiments where the robot tip follows a same trajectory with
a variety of tip bending angles of 0◦, 30◦, 45◦, and 60◦.
The experimental bending angles are plotted in Fig. 11(b).
Here, RMSE values of the tip position tracking are 2.32 mm
(tracking 0◦), 3.34 mm (tracking 30◦), 2.91 mm (tracking
45◦) and 3.05 mm (tracking 60◦), as shown in Fig. 11(c).
Meanwhile, the corresponding tip angle errors are 2.0◦, 2.1◦,
2.6◦ and 3.1◦, as reported in Fig. 11(d). The angle errors tend
to increase when the desired bending angles vary from 0◦ to
60◦, with the maximum errors being smaller than 7.0◦.

Results for Experiment 4: Fig. 12 reports the tracking errors
for spiral trajectories while applying constant loads of (0, 5
and 10 g) at the tip of the one-segment robot. Fig. 12(a) shows
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Fig. 10. Results for Experiment 3 (two segment-robot): (a) Control of tip
position and orientation (remained along the z-axis). (b) Tracking results
for box, elliptical and spiral trajectories. Position and orientation errors for
tracking (c) the box, (d) the elliptical and (e) the spiral trajectories.

that RMSE values are 2.32 mm, 2.64 mm and 2.45 mm for
loads of 0, 5 and 10 g, respectively. Fig. 12(b) illustrates the
robot can be controlled to execute stable vertical motion with
tip loads. RMSE values are 2.12 mm, 1.94 mm and 1.85 mm
when applying 0, 5 and 10 g loads, respectively. In summary,
the tracking errors remain consistent across different tip loads.
Fig. 13 summarises errors of tip position and orientation con-
trol (using a constant-height spiral trajectory with a bending
angle of 0◦) for the two-segment robot under tip loads of
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Fig. 11. Results for Experiment 3 (two-segment robot): (a) The robot tip
follows a constant-height spiral trajectory (t3=30 mm), with desired bending
angles of 0◦, 30◦, 45◦, 60◦ at the tip. (b) Experimental bending angles in one
trajectory period. (c) Position tracking errors and (d) corresponding bending
angle errors.
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Fig. 12. Results for Experiment 4 (one-segment robot): Position (Pos.)
tracking errors of a spiral trajectory for Segment 1, with tip loads of 0, 5,
and 10 g. (a) The trajectory height is constant and t3 = 24 mm. (b) The
trajectory height has a variation of 10 mm and t3 = 21 mm.

0, 5, and 10 g. The maximum position and bending angle
errors are below 7.0 mm and 8.0◦, respectively. The results
demonstrate that the inverse kinematics control approach for
the two-segment robot can handle known tip loads. RMSE
values are between 2.0 mm ∼ 3.5 mm and 1.5◦ ∼ 2.5◦ for
the position and bending angle control.

V. DISCUSSIONS OF RESULTS

Experiments 1-4 demonstrate that one- and two-segment
robots can both follow complex motion in 3D space, with
a consideration of tip loads. The elongation capability allows
the manipulator to have vertical displacements (e.g, 20 mm),
without significant reduction in accuracy (see Experiment 3).
It is worth mentioning that the modelling and control error
might also result from properties of silicone materials such
as its hysteresis. As such, the robot may exhibit kinematic
discrepancies, even when subject to identical actuation pres-
sure. Moreover, uncertainties from the parameter identifica-
tion, pressure control (pressure error of 0.03 bar) and magnetic
sensors (position error of 0.48 mm, bending angle error of
0.30◦) contribute to the overall error. Supplementary Material
provides a detailed uncertainty and sensitivity analysis. For
instance, it is found that the kinematics model is most sensitive
to the pressure, and the pressure uncertainty could introduce
40% ∼ 60% error to the robot’s tip position and bending angle.

Experiment 1 demonstrates the errors for Segment 2 have
larger distributions compared to Segment 1 (see Fig. 8).
One reason might be the inconsistency in the fabrication
process of the segments. In fact, the variation in the identified
dynamic moduli of two segments (see Fig. 3(b)) supports this
hypothesis. Experiment 2 reports that the overall tip tracking
errors (up to 9.5 mm) are larger than the midpoint errors (up
to 6.5 mm) for a two-segment robot (see Fig. 9(c)). Another
reason for the difference in error values might be the error
propagation of the kinematic model primarily resulting from
parameter and pressure control uncertainty (see Supplementary
Material). When both tips are controlled, the control errors
from Segment 1 will add to the overall tip error of the two-
segment robot at the tip of Segment 2. This is also supported
by the kinematics validation results in Fig. 6. Here, the overall
tip errors (3∼5 mm) are larger than the midpoint errors (2∼4
mm). Experiment 3 reports similar tip position errors when
following four tip angles. In contrast, the errors of the tip
bending angle tend to be larger when desired angles increase.
This might be a result of the hardware setup, e.g., Figs. 11(b)
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Fig. 13. Results for Experiment 4 (two-segment robot): (a) Position (Pos.) and
(b) orientation tracking errors when tracking a constant-height spiral trajectory
(t3=30 mm), with tip loads of 0 g, 5 g and 10 g.

and (d) show the angle errors have a similar pattern, which
might be caused by the installation of the tracking sensor.

Table II summarises key performance indicators of ap-
proaches found in literature and provides a comparison. Our
method achieves both position and orientation control. For po-
sition control only, our work outperforms FEM-based [13] and
analytical model-based control techniques [41], [42]. Data-
driven control methods however can achieve higher accuracy,
thanks to a large training data [34]. The accuracy of our model-
based inverse kinematics control depends on the accuracy of
the kinematics model. To cope with any non-linear behaviour
of elastomer-based soft robots, hyper-elastic material models
can be included [43]. Increasing a kinematic model’s com-
plexity might affect the computational efficiency for inverse
kinematics control. Moreover, the non-linearity might also
result from the air pressurisation in each chamber pair. This
effect might be challenging to capture in an analytical ap-
proach. In contrast, we defined a pressure-dependent dynamic
modulus capturing the kinematic non-linearity using a linear
constitutive model as in (4), without increasing the complexity
of the kinematic model structure or incorporating hyper-elastic
models. The results demonstrate that our kinematics model
has a high fidelity (see Fig. 6). The parameter identification
is based exclusively on the elongation-pressure test which
is convenient to obtain. Hence, our proposed method has
the potential to be applied to control a number of serial or
parallel soft continuum robots in various applications, e.g.,
minimally invasive surgery [42], soft gripper [29], or bending
manipulators [43], capturing a nonlinear strain-stress relation
in their statics or dynamics models.

The computational speed varies among all approaches; our
work computes at an average rate compared to other methods
(see Table II). Several factors impact the computational speed
of our algorithm in our work: Firstly, the number of elements
was set to six resulting in satisfying control accuracy and
feasible control frequency for a one- and two-segment robot
between 30 ∼ 50 Hz and 13 ∼ 25 Hz (see Table II), when
implementing our model in MATLAB running on a PC with
an Intel i5 processor, 32 GB RAM. Second, the computa-
tional time increases with the number of robot segments, as
reported in Fig. 4(b). For instance, the computational time
of inverse kinematics is about 5 ms and 12 ms per element
when the number of segments is one and two, respectively.
Applying our approach to robots with more than two segments
requires the consideration of intermediate conditions reported
in (10) and (11). Third, the computational performance is
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ato
TABLE II

COMPARISON OF OPEN-LOOP INVERSE KINEMATICS CONTROL FOR SOFT ROBOTS BETWEEN OUR APPROACH AND EXISTING WORKS

Reference Actuation Method Robot Type Inverse Kinematics Position Orientation Computation Time Considering
Control Method Accuracy Accuracy (Language/Software) Hyper-elasticity

[13] Pneumatic-driven Multi-segment FEM-based 7.9 mm (< 8%) — 75 ms (SOFA) No
[34] Pneumatic-driven One-segment Learning-based 0.78 mm (< 1%) — 28 ms (C++) Yes
[41] Magnetic-driven Multi-segment Analytical Jacobian-based 6.0 mm (< 6%) — 133 ms (MATLAB) No
[42] Pneumatic-driven Parallel Robot Analytical Model-based 9.4 mm (< 6%) — 3.5 ms (MATLAB) No

Our work Pneumatic-driven Multi-segment Analytical Model-based 3.4 mm (< 4%) 3.5◦ 77 ms (MATLAB) Yes
* The percentage indicates the relative position error in relation to the original length of the robot. — denotes that the orientation control is not considered.

influenced by the implementation language. A solution can
be achieved within 5 optimisation iterations using MATLAB,
which demonstrates the computational burden is similar to
existing literature [44] showing that the 5.5 iterations cost 1.5
ms when using C++. The MATLAB Coder could be explored
to generate C++ code. On average, algorithms running in C++
are estimated to require less computational time compared
to using the scripting language MATLAB. Dynamic memory
allocation and data visualisation might cost additional time
when using MATLAB. Please note that soft robots usually
have low bandwidths, e.g., 1 Hz [45]. Hence, high-frequency
inverse kinematics control at kHz rates might not be required.

Our model-based, open-loop control approach does not re-
quire gathering large data sets for modelling or the integration
of position and orientation sensors. In space-constrained appli-
cations, e.g., in minimally invasive surgery, size requirements
of clinical settings often impede sensor implementation [1].
Experiment 4 demonstrates the effectiveness of our controller
when the tip load is known. In real-world applications, how-
ever, external disturbances might be unknown, which might
call for closed-loop control combining with proprioceptive
and exteroceptive sensing, e.g., using PI [13], [24] or PD
control [46], and robust adaptive control [38]. Our current
work focuses on the statics modelling and control of soft
robots, rather than the derivation of dynamic behaviour, for
low-motion tasks. Performance of the proposed approach can
be further enhanced by advancing the hardware and extending
the contribution to include dynamics-based controllers. In our
presented work, the midpoint and/or tip of the soft manipulator
is constrained to achieve inverse kinematics control. When
navigating soft robots in real-world environments such as
inside the abdominal area for instance, it might be necessary to
avoid obstacles or sensitive areas. In these cases, our approach
can be enhanced by controlling or constraining a number of
points along a multi-segment robot.

VI. CONCLUSIONS

This paper presented an optimisation-based kinematic mod-
elling and control method for hyper-elastic continuum robots.
The forward kinematics and inverse kinematics control are uni-
fied into the non-linear least-squares problems. By minimising
a number of objective functions, our method produces various
control modes, i.e., the tip position control for a one-segment
robot, the tip position and the orientation control for a two-
segment robot. The concluding remarks and findings are:

• Our approach allows for a decoupled control of each seg-
ment tip of a soft continuum, multi-segment manipulator
(median tracking errors are less than 2.0 mm and 4.0 mm
for the tips of Segment 1 and 2, respectively). This prop-
erty might be beneficial when soft robotic manipulators
operate in confined spaces, e.g., a pivoting motion can
defined constraining some sections of a manipulator [31].

• Non-linear kinematic behaviour can be captured by a
pressure-dependent dynamic modulus.

• The combination of our modelling and control strategies
results in high fidelity and effectiveness (e.g., tip mod-
elling with control errors for a two-segment robot are
generally less than 4.5 mm, i.e., 5% of the robot length),
without requiring sensing the robot’s configuration.

Future work includes exploring the manipulator’s dynamic
behaviour and an analysis of the controller’s stability. In
particular, this work achieves an open-loop inverse kinematics
control. Therefore, prospective work will include a stability
analysis of a closed-loop control system, which may involve
studying the dynamics of the continuum robots, the pressure
regulation and the trajectory generator. We aim to extend our
work by implementing statics or dynamics control strategies
on medical applications, e.g., in-vivo cancer imaging.
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Multisegment Continuum Robots
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This document includes the supplementary details for low-level pressure control (see Section S.I), constructing the rotation
error eR solving the optimisation problem (see Section S.II and Equation (17) in the manuscript), numerical investigation of
control accuracy and computational time (see Section S.III), and an uncertainties and sensitivity analysis (see Section S.IV).
Please note ”manuscript” refers to the main paper in this Supplementary Material.

S.I. SUPPLEMENTARY DETAILS FOR THE CONTROL SCHEME

Fig. S1 illustrates the control scheme for inverse kinematics control. MATLAB (R2019a) is used to solve the optimisation
problem and achieve inverse kinematics control. The experimental hardware is integrated to a control platform, as reported
in [1]. Desired pressure from the inverse kinematics controller is converted to desired PWM signals and sent to the Arduino
Due. MATLAB and Arduino communicate via the MATLAB Support Package for Arduino. The Arduino board then generates
the PWM signals which are converted to 0 ∼ 10 V control analogue signals. These control signals are received by the pressure
regulators (Camozzi K8P), which employ a built-in closed-loop controller to achieve pressure control. The analogue signal
range of 0.4 ∼ 9.5 V corresponds to a pressure range of 0 ∼ 3 bar. The pressure regulators can send real pressure values to the
Arduino board. The pressure regulators can send real pressure values to the Arduino board. An electromagnetic tracking system
(NDI Aurora) monitors the tip position/orientation of Segment 1 and 2 via magnetic trackers, transmitting this information to
MATLAB for data recording and processing.
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Fig. S1. Scheme for inverse kinematics control. MATLAB and the Arduino board communicate via the MATLAB Support Package for Arduino.

S.II. SUPPLEMENTARY DETAILS FOR OPTIMISATION-BASED INVERSE KINEMATICS CONTROL

This section details the underlying theory of defining the rotation error of eR = (R(t)TRt
d−R(t)(Rt

d)
T )∨ in the optimisation

problem, which is reported in (17) in the manuscript, to control the orientation.
SO(3) is the special orthogonal group and SO(3) := {R ∈ R3×3|RTR = I3×3, det(R) = 1}. R is the rotation matrix.

so(3) is the Lie algebra of SO(3) [2]. To define the error between a desired rotation matrix and a simulated rotation matrix
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for orientation control (see (17) in the manuscript), an error function eR should achieve SO(3)× SO(3) → R3. Equation (1)
in the manuscript introduces the operation (̂·), which is the mapping from R3 to so(3) [3] and has the form in (S1).

â =

 0 −a3 a2
a3 0 −a1
−a2 a1 0

 . (S1)

For a matrix B ∈ so(3), the inverse operation of (̂·) is in (S2).

B∨ = [B3,2, B1,3, B2,1]
T = b, (S2)

where b is a vector and b ∈ R3. Bi,j denotes the value in the ith row and the jth column of the matrix B. As reported in the
manuscript, Rt

d is the desired rotation matrix, and R(t) is the simulated matrix at the tip of soft robots from the kinematics
model. The relative rotation matrix ∆R from the R(t) to Rt

d is ∆R = R(t)TRt
d. As ∆R ∈ SO(3), it has the form in (S3).

∆R =

∆R1,1 ∆R1,2 ∆R1,3

∆R2,1 ∆R2,2 ∆R2,3

∆R3,1 ∆R3,2 ∆R3,3

 . (S3)

To define the rotation error eR for optimisation, ∆R needs to be expressed using angle-axis representation. The angle-axis
representation is a non-minimal implementation of rotations, defined by an angle θ and an axis vector n. The vector n ∈ R3

defines the rotation direction, and θ ∈ R defines the rotation magnitude [2]. The matrix ∆R, its equivalent angle ∆θ and axis
n have the form in (S4).

n =
1

2sin∆θ

∆R3,2 −∆R2,3

∆R1,3 −∆R3,1

∆R2,1 −∆R1,2

 . (S4)

As such, the general form of the error matrix eR can be defined as in (S5).

eR = (∆R−∆RT )∨ = (R(t)TRt
d − (Rt

d)
TR(t))∨, (S5)

where eR is a 3 × 1 vector and eR = 2 sin∆θ · n. In this way, the first and second items of eR can be used as the rotation
error for orientation control, so that the z-axis is constrained [4], [5] for achieving a bending angle control.

When the robot has a bending angle of θd during trajectory tracking yd = [xd, yd, zd] (Experiment 3), Rt
d is expressed in

(S6).
Rt

d =
[
nT
x nT

y nT
z

]
, (S6)

where nx, ny and nz are directional vectors along the x-, y- and z-axes, respectively. They can be defined as in (S7).

nx = [cosβ cos θd, sinβ sin θd, sin θd],

ny = [− sinβ, cosβ, 0], β = atan2(ytd, x
t
d),

nz = [sin θd cosβ, sin θd sinβ, cos θd].

(S7)

In this way, nz = [0, 0, 1] when the desired bending angle θd is 0◦. Combining (S5) - (S7), the analytical form of eR used
in the optimisation problem of (17) is a 2× 1 vector and is described by (S8).

eR =

[
R(t)2,3 cosβ −R(t)1,3 sinβ −R(t)3,2 cos θd −R(t)1,2 cosβ sin θd −R(t)2,2 sinβ sin θd

R(t)3,1 cos θd +R(t)3,3 sin θd −R(t)1,3 cosβ cos θd +R(t)1,1 cosβ sin θd −R(t)2,3 sinβ cos θd +R(t)2,1 sinβ sin θd

]
.

(S8)
Equation (S8) explicitly describes eR when the desired bending angle is θd, while the desired position vector ytd is [xt

d, y
t
d, z

t
d]

T .
When eR is nullified, bending angle control is achieved.

S.III. NUMERICAL COMPARISON BETWEEN CONTROL ACCURACY AND COMPUTATIONAL TIME

This section involves numerical computations aimed at investigating the relationship between control accuracy and compu-
tation time. Specifically, this section implements tip position and orientation control of a two-segment robot (refer to (17) in
the manuscript). The objective is to control the overall robot tip to follow a circular trajectory with a radius of 50 mm, while
maintaining a bending angle of 60◦. The termination tolerance of the sum of squared residual errors is set as 10−1, 10−3,
10−6, 10−9, 10−12 when solving the optimisation problem. The simulations are conducted using MATLAB on a PC equipped
with an Intel i5 processor and 32 GB RAM. The outcomes of the simulations are presented in Fig. S2.

Fig. S2(a) demonstrates the simulation results when the termination tolerance is set as 10−6, and 10−6 is adopted in the
manuscript. Fig. S2(b) illustrates that the computational time increases with the decrease of the termination tolerance. For
instance, the computational time is approximately 0.08 s and 0.105 s when the tolerance is 10−6 and 10−12, respectively.
Fig. S2(c) shows that the average tip position tracking error converges when the tolerance is smaller than 10−6. Similarly, the
angle control errors are observed to start to converge when the termination tolerance is 10−6, as reported in Fig. S2(d).
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Fig. S2. (a) Inverse kinematics control results when the overall tip of a two-segment robot tracks a circle with a radius of 50 mm, with a tip bending angle
of 60◦. (b) Computational time, (b) average tip position control errors, and (c) average tip bending angle errors versus termination tolerance.

In summary, opting for a termination tolerance smaller than 10−6 leads to an escalation in computational time without
enhancements in accuracy. Consequently, for the sake of striving for a balance between error convergence and computational
efficiency, 10−6 is chosen in the manuscript.

In addition, simulations have been conducted to investigate any error propagation from the first robot segment (Segment 1)
to the second robot segment (Segment 2). The desired tip trajectory and tip bending angle settings are chosen as the ones
shown in Figure. 2(a). The simulation results are summarised in Table SI. Table SI demonstrates that the midpoint position
errors might propagate to the overall tip and introduce errors to the overall tip control. For instance, when the midpoint errors
are between 0.4 - 1.6 mm, the propagated overall tip position control errors increase to 1.2 - 4.6 mm. Moreover, the midpoint
position control errors also contribute to bending angle control errors at the overall tip of soft robots, demonstrated by the last
column in Table SI.

S.IV. SUPPLEMENTARY DETAILS FOR THE UNCERTAINTIES AND SENSITIVITY ANALYSIS

To perform an uncertainties and sensitivity analysis for our approach, we included uncertainties introduced by the robot
length L, cross-sectional area A, second moment of area I , modulus E as well as measurement uncertainties from the controlled

TABLE SI
SIMULATION RESULTS OF CONTROL ERROR PROPAGATION FROM THE SEGMENT 1 TO SEGMENT 2

Average midpoint control error [mm] Average propagated overall tip control error [mm] Average propagated tip bending angle control error [◦]
0.4 1.2 1.1
0.8 2.1 1.7
1.2 3.4 2.9
1.6 4.6 4.0
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TABLE SII
ANALYSIS OF MODELLING AND MEASUREMENT UNCERTAINTIES

Moduli fitting Pressure control Position measurement Angle measurement

Errors ±63.73 Pa (Segment 1), ±35.8 Pa (Segment 2). ±0.03 bar ±0.48mm ±0.30◦

One-chamber-pair actuation Two-chamber-pair actuation Three-chamber-pair actuation
Uncertainties Tip position [mm], Bending angle [◦] Tip position [mm], Bending angle [◦] Tip position [mm], Bending angle [◦]

Robot length

-5% (-33.8 + 0.7, 0, 4.5 + 1.9), 171.4 - 7.8 (-6.5 - 1.6, -11.2 - 2.9, -10.7 - 0.2), 276.8 - 14.7 (0, 0, 81.4 - 4.1), 0
-2.5% (-33.8 + 0.3, 0, 4.5 + 1.0), 171.4 - 3.9 (-6.5 - 0.8, -11.2 - 1.4, -10.7 - 0.2), 276.8 - 7.1 (0, 0, 81.4 - 2.0), 0
0% (-33.8, 0, 4.5), 171.4 (-6.5, -11.2, -10.7), 276.8 (0, 0, 81.4), 0

(L) 2.5% (-33.8 - 0.3, 0, 4.5 - 0.9), 171.4 + 3.8 (-6.5 + 0.8, -11.2 + 1.3, -10.7 + 0.4), 276.8 + 7.0 (0, 0, 81.4 + 2.0), 0
5% (-33.8 - 0.4, 0, 4.5 - 1.9), 171.4 + 7.7 (-6.5 + 1.6, -11.2 + 2.7, -10.7 + 1), 276.8 + 14.5 (0, 0, 81.4 + 4.1), 0

Cross-section

-5% (-33.8 - 0.1, 0, 4.5 - 0.6), 171.4 + 2.0 (-6.5 + 0.8, -11.2 + 1.3, -10.7 + 0.2), 276.8 + 6.4 (0, 0, 81.4 + 2.1), 0
-2.5% (-33.8 - 0.1, 0, 4.5 - 0.3), 171.4 + 1.0 (-6.5 + 0.4, -11.2 + 0.6, -10.7 + 0.0), 276.8 + 3.0 (0, 0, 81.4 + 1.0), 0
0% (-33.8, 0, 4.5), 171.4 (-6.5, -11.2, -10.7), 276.8 (0, 0, 81.4), 0

Area (A) 2.5% (-33.8 - 0.0, 0, 4.5 + 0.3), 171.4 - 1.0 (-6.5 - 0.3, -11.2 - 0.6, -10.7 -0.1), 276.8 - 3.0 (0, 0, 81.4 - 1.0), 0
5% (-33.8 - 0.0, 0, 4.5 + 0.6), 171.4 - 1.9 (-6.5 - 0.9, -11.2 - 1.7, -10.7 -0.1), 276.8 - 7.3 (0, 0, 81.4 - 1.9), 0

Second moment

-5% (-33.8 + 1.4, 0, 4.5 - 2.7), 171.4 + 9.2 (-6.5 + 2.1, -11.2 + 3.5, -10.7 + 1.4), 276.8 + 16.2 (0, 0, 81.4), 0
-2.5% (-33.8 + 0.6, 0, 4.5 - 1.3), 171.4 + 4.5 (-6.5 + 1.1, -11.2 + 1.8, -10.7 + 0.6), 276.8 + 8.0 (0, 0, 81.4), 0
0% (-33.8, 0, 4.5), 171.4 (-6.5, -11.2, -10.7), 276.8 (0, 0, 81.4), 0

of area (Ix, Iy) 2.5% (-33.8 - 0.6, 0, 4.5 + 1.3), 171.4 - 4.2 (-6.5 - 1.1, -11.2 - 2.0, -10.7 - 0.4), 276.8 - 8.0 (0, 0, 81.4), 0
5% (-33.8 - 1.1, 0, 4.5 + 2.6), 171.4 - 8.2 (-6.5 - 2.1, -11.2 - 3.7, -10.7 - 0.5), 276.8 - 14.6 (0, 0, 81.4), 0

Modulus E

-5% (-33.8 + 1.4, 0, 4.5 - 3.1), 171.4 + 10.9 (-6.5 + 2.6, -11.2 + 4.5, -10.7 + 2.0), 276.8 + 22.1 (0, 0, 81.4 + 2.1), 0
-2.5% (-33.8 + 0.6, 0, 4.5 - 1.0), 171.4 + 5.3 (-6.5 + 1.4, -11.2 + 2.3, -10.7 + 0.8), 276.8 + 10.9 (0, 0, 81.4 + 1.0), 0
0% (-33.8, 0, 4.5), 171.4 (-6.5, -11.2, -10.7), 276.8 (0, 0, 81.4), 0
2.5% (-33.8 - 0.6, 0, 4.5 + 1.3), 171.4 - 4.2 (-6.5 - 1.3, -11.2 - 2.4, -10.7 - 0.4), 276.8 - 9.9 (0, 0, 81.4 - 1.0), 0
5% (-33.8 - 1.1, 0, 4.5 + 2.6), 171.4 - 8.2 (-6.5 - 2.7, -11.2 - 4.7, -10.7 - 0.4), 276.8 - 14.6 (0, 0, 81.4 - 1.9), 0

Pressure P

-5% (-33.8 - 1.2, 0, 4.5 + 4.2), 171.4 - 13.3 (-6.5 - 3.9, -11.2 - 6.8, -10.7 - 0.1), 276.8 - 27.9 (0, 0, 81.4 - 2.3), 0
-2.5% (-33.8 - 0.7, 0, 4.5 + 2.1), 171.4 - 6.7 (-6.5 - 1.8, -11.2 - 3.2, -10.7 - 0.4), 276.8 - 12.8 (0, 0, 81.4 - 1.2), 0
0% (-33.8, 0, 4.5), 171.4 (-6.5, -11.2, -10.7), 276.8 (0, 0, 81.4), 0
2.5% (-33.8 + 0.9, 0, 4.5 - 2.5), 171.4 + 7.0 (-6.5 + 1.7, -11.2 + 2.9, -10.7 + 1.0), 276.8 + 13.8 (0, 0, 81.4 + 1.2), 0
5% (-33.8 + 2.0, 0, 4.5 - 4.0), 171.4 + 14.1 (-6.5 + 3.2, -11.2 + 5.5, -10.7 + 2.7), 276.8 + 27.9 (0, 0, 81.4 + 2.3), 0

For one-chamber-pair actuation, P1 = P2 = 1.5 bar. For two-chamber-pair actuation P1 = P2 = P3 = P4 1.5 bar. For three-chamber-pair actuation, P1 ∼ P6 = 1.5 bar.

pressure P and measured position and orientation from the magnetic sensors M . As such, the result r can be described by (S9).

r = r(L,A, I, E, P,M). (S9)

Table SII summaries the uncertainties from moduli fitting, pressure control, position and angle measurement. To further
conduct a general sensitivity analysis, we adopt the Taylor Series Method (TSM). For more detail, the theory is reported in [6],
[7]. The combined standard uncertainty ur in (S9) is given by (S10).

u2
r =

(
∂r

∂L

)2

u2
L +

(
∂r

∂A

)2

u2
A +

(
∂r

∂I

)2

u2
I +

(
∂r

∂E

)2

u2
E +

(
∂r

∂P

)2

u2
P +

(
∂r

∂M

)2

u2
M , (S10)

where uL, uA, uI , uE , uP , uM are the uncertainties for L,A, I, E, P and M . To normalise (S10), an uncertainty percentage
contribution (UPC) can be calculated to determine the percentage contribution of each uncertainty to the overall squared sum
of uncertainties [6]. For instance, the UPC of robot length is defined in (S11).

UPCL =

(
∂r
∂L

)2
u2
L

u2
r

. (S11)

Following the TSM, we considered uncertainties of -5%, -2.5%, 2.5% and 5%. Based on (S10), Table 3 reports on the resulting
uncertainties of tip position and bending angle for Segment 1. Combining Table S3 and (S11), the UPC values are presented
in Fig. S3.

Fig. S3(a) reports on the UPC values with respect to the tip positions. The results show that the pressure uncertainty
contributes to about 40% to 60% of the overall uncertainties of the tip position. The modulus and second moment of area have
similar uncertainty contributions, with UPC values of 15% ∼ 25%. In all cases, the UPC of the robot length is around 10%.
The combination of cross-sectional area and measurement only contributes to less than 4% uncertainties of the tip position. In
contrast, when the robot elongates, the robot length becomes the dominant factor contributing to over 50% of the tip position
uncertainties. The UPC values for cross-sectional area, modulus, and pressure range from 15% to 20%. Meanwhile, the second
moment of area has no influence on the robot’s elongation error.

Fig. S3(b) illustrates that the pressure uncertainty brings 40% ∼ 50% uncertainties of the bending angle. Moreover, the
uncertainties in robot length, second moment of area, and modulus, represented by the UPC values, range from 15% to 30%.
Similar to the tip position analysis, the combined effect of cross-sectional area and measurement uncertainties is below 4%.
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Fig. S3. Analysis of uncertainty percentage contribution with regards to the (a) tip position and (b) tip bending angle, where uncertainties in the robot length,
cross-sectional area, second moment of area, modulus, actuation pressure and sensor measurement are included.

In summary, the analysis reveals that precise pressure control is crucial for effective model-based control. In our study, the
uncertainty associated with pressure control is less than 1% of the full-scale pressure, as indicated in Table S3. Furthermore,
the findings demonstrate that the selected tracking sensor has minimal impact on the overall results. Additionally, we have
successfully identified the dynamic modulus through experiments, thereby reducing the overall uncertainties in the modelling
process.
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